The open string ending on a D-brane with a constant B-field in a pp-wave Ramond-Ramond background is exactly solvable. The theory is controlled by three dimensionful parameters: α ′ , the mass parameter (RR background times the lightcone momentum) and the B-field. We quantize the open string theory and determine the full noncommutative structure. In particular, we find a fully noncommutative phase space whose noncommutativity depends on all these parameters. The lightcone Hamiltionian is obtained, and as a consequence of the nontrivial commutation relations of the theory, new features of the spectrum are noted. Various scaling limits of the string results are considered. Physical implications are discussed.
Introduction
Recently a new maximal supersymmetric IIB supergravity background, the so called pp-wave RR background, was discovered [1] . The pp-wave background consists of a plane wave metric, supported by a homogeneous RR 5-form flux ds 2 = −f 2 x i x i (dx + ) 2 + 2dx + dx − + dx i dx i , i = 1, . . . , 8, (1.1)
A constant Euclidean metric g ij can be introduced easily. We will do so in section 3. This background has 32 supersymmetries and is related to the AdS 5 ×S 5 background [1, 2, 3] by a Penrose limit [4] . Moreover it is remarkable that string theory in this background is exactly solvable [5] . The understanding of the properties of string theory in this background is very valuable and is of great interest. The Green-Schwarz formulation of closed string in pp-wave background has been performed by Metsaev [5] (see also [6, 7] ). Boundary states for the lightcone GS strings in ppwave background has been constructed [8] . The covariant NSR formulation remains illusive however. It is natural to ask whether there is a meaning of the "Penrose limit" for the celebrated AdS/CFT correspondence [9] . Based on the spectrum of the lightcone Hamiltonian, Berenstein, Maldacena and Nastase [10] had put forward a remarkable proposal that string theory on this pp-wave background is dual to the large N limit of a certain subsector of the 4-dimensional supersymmetric N = 4 SU(N) gauge theory. Various aspects as well as generalizations had been considered in [11, 12, 13, 14, 15, 16, 17, 18] . D-branes are basic objects in the nonperturbative formulation of string theory. One of the developments in the last few years of string theory is the realization that a constant B-field on a D-brane leads to noncommutative geometry on the Dbrane worldvolume [19, 20, 21, 22] . In this setting, the B-field and the string length square α ′ are both dimensionful. Therefore, it is conceivable that a double scaling limit may be taken so that certain dimensionful parameter remains in the low energy limit α ′ → 0. This is precisely what Seiberg and Witten did [22] and remarkably they obtained as the low energy limit a noncommutative field theory with the dimensionful noncommutativity parameters θ µν . It is an interesting question whether there are other string backgrounds for which new kind of noncommutative geometries arise. Now string in pp-wave is exactly solvable (at least in the GS formulation), and there is a mass parameter m (see (3.2) below) in addition to α ′ . If we also turn on a B-field, then we have three dimensionful parameters at our disposal. It is therefore very natural to consider a D-brane with a constant B-field sitting in the pp-wave background and check whether any new kind of quantum geometry arises, and to consider the possible scaling limits in the low energy. This is the main motivation of our work.
We recall that from the point of view of [21, 23] , noncommutative geometry on the D-brane worldvolume is a direct consequence of the open string mixed boundary condition that occurs due to the nonzero B-field. This gives rise to a noncommutativity of the string zero mode x i 0 among themselves, but leaves the momentum zero mode p i 0 commuting among themselves. As it turns out, we will find that by turning on a mass parameter m, p i 0 also becomes noncommuting. Thus the phase space of the zero modes x 0 , p 0 becomes fully noncommuting, see (3.27)-(3.29). Moreover we find that the noncommutativity depends on the lightcone momentum p + . This is one of the main results of this paper. Its physical meaning is intriguing and further understanding of it will be important. An immediate consequence of the commutation relations we obtain is that the spectrum of the lightcone Hamiltonian is modified in a nontrivial manner by the B-field (see (3.40) ).
The paper is organized as follows. In section 2, we first present a D-brane configuration that preserves half of the 32 supersymmetries. We show that it is allowed to put a constant B-field on its worldvolume. Section 3 is devoted to the quantization of the open string ending on this D-brane. In section 3.1, we construct the complete mode expansion of an open string ending on a D-brane with B-field in the pp-wave background. The zero mode part has a nontrivial dependence on the worldsheet σcoordinate (see (3.15) ) and is more complicated than the case without B-field. Also we find that the zero mode frequency is affected by a constant background B-field, but not for the higher oscillation modes. In section 3.2, we review the procedure for determining the commutation relations of the theory. The starting point is the symplectic form (3.22) . We explain why it is consistent and use it to derive the basic commutation relations (3.27)-(3.30) for the string modes. As a result of these commutation relations, the boundary commutators of the string coordinates and string canonical momentum are modified, and only at the boundary, as in (3.45)-(3.47). The spectrum of the lightcone Hamiltonian is obtained. As a consequence of these commutation relations, we find that the spectrum of the nonzero modes depend on the mode number n in a more complicated manner; we also noted an interesting splitting in the zero mode spectrum, see (3.40) . In section 3.3, we carry out the constrained quantization of Dirac and obtain the same result. In section 4, we discuss various scaling limits and discuss their physical meanings. We conclude the paper with further discussions.
BPS D-brane with B-field in pp-wave
Consider a flat D-brane in the pp-wave background, with a constant B-field turned on in its worldvolume. This is a BPS configuration preserving half of the 32 ppwave supersymmetries. This can be easily seen by a simple generalization (with a Born-Infeld F turned on) of the limiting procedure considered in [2] that relate brane probe solution in AdS × S to brane probe solution in the Penrose-limited pp-wave or Minkowskian background.
In this section, we will use the κ-symmetric formulation of Dp-brane (see for example [24] ) to show this explicitly. It will also allow us to see the lifting of the flat directions in the Born-Infeld theory, see (2.21) .
Given a D-brane probe, the surviving supersymmetries satisfies the condition
where Γ is a projector that depends on the details of the brane configuration. The explicit form of Γ was obtained, for example, in [25] , where it was shown that the Born-Infeld field strength amounts to a relative rotation of the left and right moving fields. In order to be self contained, we recall that Γ is given by
where a is a matrix given below and
and
As usual, the matrix Γ ′ M 1 ···M p+1 is the antisymmetrized product of the Γ ′ M k with the Γ ′ M being the 10 dimensional Γ-matrices in the coordinate basis defined by
where the Γ A are flat space Γ-matrices. The metric G ij is the induced worldvolume metric
To define the matrix a appearing in (2.2) we need to introduce the modified 2-form field strength F which is related to the Born-Infeld field strength F = dA by
where B is the pullback of the target space NS-NS 2-form potential to the worldvolume. The matrix a depends only on the worldvolume Born-Infeld field strength and is given by
the γ jk being worldvolume γ matrices,
and Y is a function of F . The relation in the frame basis of the worldvolume (hatted indices) is Yĵk := tan −1 Fĵk.
(2.10)
Specifically, let us consider a Dp-brane spanning the directions (+, −, 2, · · · , p). Denote the worldvolume coordinates of the D-brane by (τ, ξ i ), i = 1, · · · , p. In the lightcone gauge,
We also take the physical gauge
The transverse directions X a (τ, ξ), a = 1, p + 1, · · · , 8 then describe the embedding of the D-brane. We will consider a constant B-field with nonvanishing components B ij , i, j = 2, · · · , p. The pull-back B-field is the same as the target space components, and therefore we will not distinguish them anymore. As for the pullback metric, we have
where G (0) µν is the metric
Now, it is easy to see that for a flat D-brane described by
we have
This is independent of B and m and the D-brane preserves half supersymmetries. Branes at angle [26] can be discussed similarly.
Finally we check that the brane configuration satisfies the equations of motion. In our case, since we are using the physical gauge, the equations of motion are derived from the gauge fixed form of the Dirac-Born-Infeld action, including the WZ-term,
where G µν is the induced worldvolume metric (2.13) in the physical gauge and C is the pullback to the worldvolume of the RR 4-form potential. The inclusion of the WZ term is crucial in checking that the equation of motion is satisfied for brane configurations with nontrivial embeddings [27] . However for the trivial embedding (2.15), the WZ term does not play any role. The equation of motion reads
The only constant solution of equation (2.18) is
The absence of flat directions is because they are lifted by the potential well created by the mass term. Equation (2.21) implies that
Note that it is independent of neither τ nor ξ 1 . It is then easy to check that
is a solution to (2.19) . Hence our claim is justified. In the following, we will turn to the open string description for these D-branes. For simplicity, we will take the gauge F = B where A = 0.
Noncommutative D-brane with B-field in pp-wave
The main objective of this paper is to work out the effects of B-field on the quantization of the open string theory ending on a D-brane in the pp-wave background. We will carry out this analysis in the GS formulation.
Open String Mode Expansion
Recall that for a flat D-brane in Minkowskian spacetime, the open string GS action was obtained from lightcone gauge fixing the covariant action [28] , in which the latter can be obtained by substituting in the superfield background that solves the IIB supergravity constraints. With a constant B µν field turned on, it induces new nonzero components in the superfields B µα and B αβ . However these terms all cancel themselves out in the action and the only effect is the addition of the usual bosonic B-field coupling to the target space [29] . A coupling to the fermionic spacetime variables would arise only if B were not closed. It was also shown that one can use the usual (ie. the one for B = 0) lightcone gauge fixing condition so long as B 0µ = B 9µ = 0 [29] . This is exactly the setting we considered in section 2.
The κ-symmetric formulation of closed string in pp-wave background was analysed in [5] . In the lightcone gauge, the theory is exactly solvable and consists of eight massive bosons and fermions. Turing on the B-field, and carrying out a similar analysis as in [5, 29] , one finds that the open string has the bosonic action in the lightcone gauge,
where i, j = 1, · · · p, and B is turned on only in the directions 2, · · · , p. Following [7] , we have introduced the parameter
and we have taken the length of the σ-interval to be π; therefore strings with different lightcone momentum have different m. We ignored the transverse coordinates in (3.1) since the quantization of them is standard. The fermionic sector will not affect the result and can be considered separately. We have introduced the Euclidean metric g ij for the sake of the scaling limits to be considered in the next section. Note that in our normalization, B, m are dimensionless. The equation of motion is
and the boundary condition is
at σ = 0, π. Indices i, j are raised and lowered by g ij . The lightcone Hamiltonian is [5, 6] 
5)
We are interested in the effects of the constraint (3.4) to the quantization of the theory. The situation is exactly the same as in [21] . The boundary condition (3.4) implies that
where P k is the conjugate momentum
These simple relations show that the standard canonical commutation relations for B = 0 [5] are no longer valid when B = 0. Without loss of generality, we will assume the metric is already in the diagonal form
In addition we will consider the case in which the B-field takes the form
and focus on X 2 , X 3 . We remark that the action (3.1) is SO(2) invariant, and so the angular momentum is conserved. The mode expansion takes the form
15)
1 It is straightforward to extend the two dimensional case to the generic case. Assuming that B µν is invertible, we can always decompose it as U T bU by an orthogonal transformation U , where b is a matrix of diagonal blocks of the form (3.11) . Then the zero mode solution is
where the matrix a is a diagonal matrix defined by
(3.14)
Note that a is well defined by this relation because b −2 is diagonal with negative entries, is the "zero mode" part, and A couple of remarks about the "zero modes" are in order. 1. By "zero modes" here, we simply refer to the modes with the lowest frequency. We stress that the zero modes are very different in structure compared to the oscillation modes. One important difference between the zero mode part and the oscillation part is that the zero mode part X i (0) actually satisfies (3.3) and (3.4) for all 0 ≤ σ ≤ π. This is the same as in the flat case (m = 0) [21] . 2. Note that the zero mode structure is more complicated than the B = 0 case, where X i (0) was simply independent of σ [5] . 3. In our expansion (3.15) , the coefficients x 0 and p 0 are identified conveniently such that they have the correct dimensions. It is a simple choice and it is possible to rescale them by dimensionless factors. 4. Finally, we note that naively one may have expected that, since turning on a constant B-field has no effect on the equation of motion (propagation), the zero mode will have the frequency m as in the B = 0 case [5] . However, it is easy to check that when B = 0, this frequency does not give rise to any solution that can satisfy both the equation of motion and the boundary condition. The modification of the zero mode frequency by the external B-field through the boundary condition is an interesting effect. We recall that in the flat case for a neutral string, turning on a B-field does not change the mode frequency. In the case of a charged string [30] , all the frequencies are modified by the background field. Our case here is intermediate, turning on a B-field only modify the zero mode frequency. This is another difference between the zero modes and the oscillation modes.
The canonical momentum also splits into a sum
of the the zero mode part 20) and the nonzero mode part
Note that (3.15), (3.16), (3.21) and (3.20) reduce smoothly to the usual flat space expressions in the limit m → 0.
Open String Quantization in pp-wave with B-field
To quantize the theory, we will follow the procedure advocated in [21, 23] . First we need the symplectic form
That this is the correct symplectic form of the theory can be justified from an analysis of the constraint structure of the theory. Without going into the details, one can already see this since the constraint (3.4) is imposed only at the boundary. It is clear that the constrained quantization method will give a Dirac bracket which is modified and is possibly different from the original Poisson bracket only at the boundary. (We will present the constrained quantization in the next subsection.) This is a measure zero set and so the symplectic form takes the standard form (3.22) . Of course this doesn't mean that the commutation relations of the theory are unmodified. This is felt through the modified form of the mode expansion (3.15), (3.16) , (3.20) and (3.21) . By substituting in the mode expansions (3.12) and (3.19) and evaluate the σ integral, the symplectic form (3.22) of the theory can be thought of as the symplectic form defined for the string modes. This procedure is consistent since, using (3.3) and (3.4), it is easy to check that (3.22) is independent of τ [31] . As a result, one can take the resulting expression as the symplectic form for the string modes. The commutation relation of the string modes can be then obtained from (3.22) by inverting the symplectic matrix.
Explicitly we obtain the following symplectic form for the string modes
where the "metric" M n ij is defined by The ≈ above gives the leading order expansion in the small m limit. Following [22] . we have been careful in keeping the metric dependence to facilitate the discussion of scaling limits. This will be done in the next section. Inverting the symplectic matrix, we obtain the following commutation relations for the zero modes and for the oscillation modes
is the inverse of M n ij for each fixed n. It represents a metric that is mode-dependent. This is in contrast with the flat case, where it was found that [21] the oscillator's commutation relations are determined by the same open string metric M ij as the zero modes. Here we find that each level of the oscillators see a different metric. A consequency of this is the more complicated n-dependence in the spectrum of the Hamiltonian (3.40). It may be interesting to investigate to what extent one can think of M ij n as a mode-dependent open-string metric. Note that in the form (3.10) of the metric,
is diagonal and is a monotonic increasing function of n which is bounded above by M ij . Note also that by turning on the mass parameter m, p i 0 also become noncommuting themselves; and the phase space of x 0 , p 0 becomes fully noncommuting. The noncommutative parameters depends on the background of the pp-wave, and on the lightcone momentum p + .
In the above, we have considered a single string with a single p + . If one wants to perform calculations with many string states, then it will be useful to introduce a basis of oscillators whose commutation relations are independent of p + . For the nonzero modes, we can introduce the following basis of oscillators Note the B-dependence in the rescaling. For the zero mode, one may define
in terms of which the commutation relations (3.27)-(3.29) take the simple form of a deformed oscillator algebra
which is SO(2) invariant. Or one may introduce In terms of them, the zero mode part of the string coordinates can be written as, for example, where we have written the Hamiltonian in a normal ordered form, and have dropped the infinite additive constant arising from the nonzero modes. This will be cancelled with the fermionic oscillators [7] . The factor 1 in (3.40) came from the normal ordering of the zero mode oscillator a ± and remember that we are considering two string coordinates X 2,3 . The Fock vacuum of the theory is defined bȳ a ± |0 = 0,ā i n |0 = 0, n > 0. It is SO(2) invariant. In choosing the definition of the vacuum, we have been guided by the requirement of SO(2) invariance of the theory. Turning on a B-field in the 2-3 directions preserve this symmetry. Note that the spectrum for the nonzero modes depend on n in a more complicated way due to B = 0. Note also that the degeneracy of the states a ± |0 is lifted when B = 0. We expect that this splitting of the string spectrum to have interesting physical consequences. Finally we derive the intrinsic commutation relations of the theory in terms of X i and P i . Using the relations above, one can easily obtain (3.42) where the function f (σ) is defined on σ ∈ [0, 2π] as
It is easy to show that
Thus the commutation relation of X is
and is modified only at the endpoints of the open string. The commutator for P themselves can be similarly computed and we obtain
Thus both commutators are given in terms of the same function f . As a result, we find
It is intriguing that the commutation relations for the endpoint momentum are nontrivial. Note also it dependent on the parameter m = α ′ p + f in a nontrivial way. This is a new feature of the pp-wave background: the noncommutative space felt by a string depends on its light-cone momentum. Finally we obtain
cos nσ cos nσ ′ ).
(3.47) Note that (3.45) and (3.47) take exactly the same form as in the flat case [21] and is unmodified by m. Also note that, unlike the relations for the zero modes, the relations (3.45)-(3.47) are intrinsic and is independent of how the zero modes are identified, nor how the vacuum is chosen.
Constrained Quantization
In this subsection, we present the construction of the Dirac bracket following the procedure in [23] . To start with, the standard Poisson bracket is [5] (X i (σ), P j (σ ′ )) = δ i j δ(σ, σ ′ ), (P i (σ), P j (σ ′ )) = 0, (X i (σ), X j (σ ′ )) = 0. (3.48)
As first noted in [21] , the boundary condition can be treated as a constraint on the phase space
Using the lightcone Hamiltonian (3.5) one determines the complete set of second class constraints
We will denote them by φ (αkn) , α = 1, 2; k = 2, · · · , p; n = 0, 1, · · ·,
These constraints are consistent with the explicit mode expansion of the fields X i and P i given above.
The Poisson matrix C (αkn)(βlm) of the constraints can be computed easily. The basic ones are the C (αk0)(βl0) 's :
and in general
The Dirac bracket is given by
58)
where the sum σ ′′ , σ ′′′ is over the endpoints 0, π. As in [23] , the Dirac bracket can be computed similarly without knowing the explicit form of the inverse matrix C (αkn)(βlm) . Only its defining properties are needed. We find the results (3.45)-(3.47).
In particular we note that the σ, σ ′ dependent part of the right hand side of (3.54) and (3.56 ) are identical and this accounts for the fact that the commutators (3.45) and (3.46 ) are both given by the same function f (σ + σ ′ ).
Scaling Limits
In this section, we will consider scaling limits of α ′ , B, m such that the commutation relations (3.27)-(3.29) remain nontrivial. In these limits the noncommutative algebra should play a role in the D-brane physics. We remark that one can equivalently perform the limits on (3.38) for the variables a i 0 's. Here we choose to consider the variables x i 0 , p i 0 since we would like to explore and develop possible geometrical interpretations.
Small B-Field Limit
The DBI action is exact to all orders in α ′ [32] for the U(1) gauge field F . Here we prefer to think of it as a consequence of supersymmetry (see, for example [24] ). For small B-field, it should be possible to check that the DBI action on pp-wave background is equivalent to the DBI action on the noncommutative space without B-field for slowly varying fields, in a similar way as it was checked for the flat background [22] . This match may provide some hint for the appropriate description of the noncommutative space. A particularly interesting limit is going to the infinite momentum frame and takes a small B-field simultaneously:
(4.1)
The commutation relations (3.27)- (3.29) become
In this limit the coordinates noncommutativity can be treated perturbatively, but the description of the momentum noncommutativity has to be exact. This limit is interesting since the p + dependence has essentially disappeared because one can treat all the strings to have the same lightcone momentum in the leading order approximation. It would be interesting to study the corresponding large N matrix model.
Large B-Field Limit: Deformed Phase Space
When m = 0, all the excited modes can be ignored in the limit α ′ → 0. And we only need to consider the zero modes for the low energy effective theory. Moreover, if we also take the large B-field limit [22] of Seiberg and Witten :
then a noncommutative theory is obtained with M (3.9) and the noncommutativity parameter
fixed and finite in the limit. To facilitate the comparison, our B ij is related to the dimensionful b ij of Seiberg-Witten [22] by
However, for m = 0, the zero mode frequency ω 0 is of the same order of magnitude as the oscillator modes, and the ratio ω 0 /ω 1 is finite in the limit α ′ → 0. Therefore generally we cannot ignore the higher frequency modes unless we take another suitable limit at the same time. It is easy to see that for fixed m, the Seiberg-Witten limit (4.5) does the job. It sends ω 0 ∼ ǫ 1/2 while keeping ω n =0 fixed. The zero modes commutation relations take the form
[x i 0 , x j 0 ] = i θ ij , (4.8)
where θ ij is given by (4.6) and
are fixed and finite in the limit. Note that θ has dimension (length) 2 and κ has dimension (length) −2 . Note also that the reason that κ ∝ θ is because here we are dealing with 2-dimensions only. This will not be the case if we consider a higher rank B-field. The commutation relations (4.7)-(4.9) are intriguing. They represent a phase space with a fully noncommutative structure. If m is zero, we go back to the usual case of a theory defined on a noncommutative manifold. For m = 0, a deformed phase space emerges with the noncommutativity parameters θ ij and κ ij . Moreover these parameters depends on the pp-wave background and the string momentum. It will be very interesting to understand the implications of this.
As a simpler question, one can momentarily forget about the string embedding and consider simply the physics of the noncommutative phase space by itself. Since the phase space is fully noncommutative in terms of these variables x 0 , p 0 , the usual formulation of quantum field theory using a momentum representation will have to be examined. We will call a phase space which satisfies the relations (4.7)-(4.9) (not necessarily with κ ∝ θ) a deformed phase space. It will be very interesting to try to construct a field theory which represents the structure of this deformed phase space.
Discussions
In this paper, we presented the quantization of the open string ending on a D-brane in pp-wave background with a constant B-field. We found that, due to the combined effects of the B-field and the mass parameter, the noncommutative structure of the theory takes on a new form. Compared with the case of a noncommutative D-brane in a flat background, the novelty of the noncommutative algebra we obtained in this paper is the noncommutativity of the linear momentum: (3.46) at the level of the string coordinates, and (3.29) at the level of the zero modes. And moreover the boundary commutation relations depend on the lightcone momentum p + of the string. In fact, the momentum is also noncommutative for charged open strings, and similarly, for open strings with their endpoints ending on different D-branes with different background fields F . Since no state can be a simultaneous eigenstate for all components of the momentum, it is unclear whether one can use the usual Fourier analysis to define the * -product as before. (See [34] for a proposal for the case of open strings ending on D-branes with different backgrounds.) Furthermore, in all of these cases, the linear momentum is not a conserved quantity. Rather, the angular momentum is conserved. It would be very interesting if this leads to a new class of noncommutative field theories and to investigate their properties.
As in the neutral case, the novelty of the noncommutativity resides in the zero modes sector. In terms of the oscillator algebra, (3.34), (3.36) or (3.38) , it implies a splitting in the zero mode spectrum. It also implies a more complicated mode number dependence of the nonzero mode spectrum. Written in terms of the phase space variables, the zero modes noncommutativity takes the form (3.27)-(3.29) generically depends on the lightcone momentum of the string and is thus, in some sense, probe dependent. This is an interesting phenomena. A probe dependent phase space may sound strange. However if geometry can be probe dependent (see for example [33] for an introduction to various aspects of quantum geometry), it may not be unnatural to expect an extension to that of a probe dependent phase space. This is a fundamental problem. We have not understood of its significance. However it is an intriguing possibility. Although our results were derived in a background without gravity, it is conceivable that quantum gravity at the Planck scale may also involve a similar problem, and therefore lessons that can be drawn from this construction should be helpful.
Naively, the commutation relations of the deformed phase space lead to the phase space uncertainty relations ∆x i ∆p j ∼ |h ij |, ∆x i ∆x j ∼ |θ ij |, ∆p i ∆p j ∼ |κ ij |. (5.1)
Along the lines of [35] , this might be used to generalize the spacetime uncertainty relations of Yoneya (see [36] for a review and further references). It would be interesting to see how string dualities may put constraints (e.g. string coupling dependence [35] ) on the forms of these phase space uncertainty relations. We remark that (5.1) does not fall into the classification of quantum spacetime of [37] . It would be interesting to investigate what kinds of assumptions on the quantum phase space could lead to the above uncertainty relations. Due to the p + -dependence in some of our commutation relations, it is not clear whether one can apply the Mandelstam lightcone formalism. It is important to understand this issue.
Assuming we can overcome the problem discussed above and have gain sufficient control over string scattering in the GS formulation, it will also be very interesting to understand the results obtained in this paper, particularly the momentum noncommutativity, in the approach of Schomerus [38] . This will be useful for the understanding of the properties of the D-brane low energy theory.
